Abstract. -Energy dissipation in a nonequilibrium steady state is studied in driven quantum Langevin systems. We analyze a characteristic function that generates energy dissipation flow to thermal environment. This function gives a general formula for the average rate of energy dissipation using an autocorrelation function for the system variable. This leads to a general expression of the equality that connects the violation of the fluctuation-response relation to the rate of energy dissipation, the classical version of which was first studied by Harada and Sasa.
Introduction. -Recent developments in nonequilibrium statistical mechanics have clarified fundamental aspects of nonequilibrium fluctuations of work, power flux, heat absorbed etc [1] [2] [3] [4] [5] [6] . The fluctuation theorem (FT) is one of the most remarkable discoveries in nonequilibrium statistical mechanics. This theorem quantifies the probability of negative entropy, which can be important for short measurement times in small systems, and provides a precise statement of the second law of thermodynamics. The relation between the transient version of FT and the Jarzynski equality has been demonstrated and clarified [5] . Both the FT and the Jarzynski relation [4] have been tested experimentally in systems, such as micromechanically manipulated biomolecules [7, 8] , colloids in time-dependent laser traps [9, 10] , and optically driven single two-level systems [11] . Studying robust properties valid in far-from-equilibrium regime is obviously important for understanding the general structures of nonequilibrium statistical mechanics.
Another important aspect of fluctuations is fluctuationresponse. In the linear response regime, a fluctuationdissipation relation (FDR) relates a response function with an auto correlation function for physical quantities at equilibrium [12] [13] [14] . However, the FDR is generically violated if the system is driven into a nonequilibrium state beyond this regime. Several recent studies considered extensions of FDR to far-from-equilibrium regime [15] [16] [17] . In Refs. [15, 16] , the violation function was introduced to generalize the Einstein relation, and its validity was experimentally studied. Harada and Sasa considered the relationship between the degree of violation of FDR and the rate of energy dissipation in over-damped Langevin dynamics, and found an equality valid in a far-from-equilibrium regime [17] . The equality was first derived for the following
where x are the coordinates, η is the white Gaussian noise satisfying η(t)η(u) = 2γk B T δ(t − u), and F (x(t), t) represents a force dependent on space and time. Let C(t) be the autocorrelation function for the velocity fluctuation without perturbation, ε = 0
where ... denotes an ensemble average over thermal noise. When the external perturbation is finite ε = 0, the response of the velocity obeys the linear response form [14] 
Then the following equality was derived in Ref.
[17]
where I is the rate of energy dissipation and C(ω) and χ(ω) are the Fourier transformations of C(t) and χ(t, u), respectively. In an equilibrium state with no dissipation flow I = 0, the FDR C(ω) = 2k B T χ(ω) is satisfied. On the other hand, in a nonequilibrium state, the degree of violation of FDR is related to the rate of energy dissipation. This equality was generalized to correlated thermal noise by Deutsch and Narayan [18] . Recently an experimental test of Eq.(4) was performed in an optically driven colloidal system [19] . In general, it is difficult to conduct direct experimental measurements of energy dissipation flow. Eq.(4) suggests that the flow can be obtained with measurable functions in Langevin dynamics. Thus Eq. (4) is also of practical importance, providing a new protocol for measuring energy dissipation flow in driven Langevin dynamics.
In this paper, we consider a driven quantum Langevin dynamics and derive a wider class of relations that includes the quantum version of Eq.(4). Quantum Langevin dynamics has a wide variety of applications in areas such as electronic circuits, superconducting tunnel junctions, and electronic systems in semiconductors. [20] . Many different systems can be mapped onto a simple driven quantum Langevin equation. We consider the generating function for energy dissipation flow to discuss the rate of dissipation. We thus derive a general relation, which reproduces the Callen-Welton FDR in an equilibrium state [21] . Our approach provides a unified method for investigating energy dissipation flow. This provides a new consideration of quantum energy dissipation with respect to Langevin dynamics, even if it includes nonlinear couplings between the system and the reservoirs.
Quantum Langevin Equation.
-We consider a driven quantum Langevin system described as
where {m, x, p} refer to the system degrees of freedom, and {x ℓ , p ℓ , m ℓ , ω ℓ } refers to the reservoir. Those variables satisfy the commutation relations [x,
drives the system into a nonequilibrium steady state. Detailed form is not provided here. The coupling constant between the system and bath oscillators {λ ℓ } is switched on at time t ini = −∞. The initial density matrix is assumed to be of the product form ρ ini = ρ S ⊗ρ R , where S and R refer to the system and the reservoir, respectively. These matrices are equilibrium distributions. The reservoir's density matrix is ρ R = e −βHR /Tr[e −βHR ] for β = 1/(k B T ). By eliminating the bath's degrees of freedom, we obtain a quantum Langevin equation easily [20] , which is expressed as
where η and γ(t) represent a noise term and the memory kernels, respectively. These terms control dissipation effects from the bath. The properties of the noise and dissipation are completely determined by the initial condition of the bath. We define the spectral function
Then, the dissipation kernels and noise correlations are given by
where f (ω) = 1/(e βhω − 1). The Fourier transformation of the memory kernel is defined as γ(ω) = ∞ 0 dtγ(t)e iωt . Then, the real part of the Fourier transformation γ ′ (ω) is expressed as
Response Function. -In the Langevin dynamics, we consider the relationship between the response function and energy dissipation. The response function we consider is defined as the response ofẋ against a perturbation −εf (t)x. The formal expression of response function χ(t, u) is calculated from the standard linear response derivation [14] . In the first order of ε, we obtain the deviation of density matrix from the unperturbed one as
where ρ(t) is the density matrix at time t, and U (t, t ini ) is the time-evolution operator defined as
The operator x(u) is U † (u, t ini )xU (u, t ini ). We take t ini → −∞, and consider the deviation of the velocityẋ which has the form (3). Then, we immediately obtain the response function, which is expressed using the retarded Green function G ṙ x x (t, u) as
Here, ... denotes an average over the initial state.
The Characteristic Function for generating Energy Dissipation. -We consider an energy dissipation flow from the system into the reservoir. By taking the derivative of the reservoir with respect to time, we get the heat current operator
where positive current flows from the system into the reservoir. To arrive at an average rate of energy dissipation, we use the technique of full counting statistics [22, 23] , which is equivalent to the protocol for obtaining fluctuation theorem in quantum systems [24] [25] [26] .
We compute the amount of heat Q flowing into the reservoir during τ . First, we observe the reservoir to measure the energy ǫ i . The wave function collapses into an eigenfunction |i which is a product eigenstate of H R and H S . After a free time-evolution during τ , we again observe the reservoir to measure the energy of the reservoir ǫ j , whose eigenfunction is |j . From these two measurements, the energy difference in the reservoir, ǫ j − ǫ i , is computed. By iterating these steps for the same initial density matrix ρ ini , we can obtain the probability of Q as
., where U is the time-evolution operator during τ , i.e., U (τ /2, −τ /2). The probability P (Q) can be written in the simple form as P (Q) = 1 2π dξe −iξQ Z(ξ) [24, 26] . Here Z(ξ) is the characteristic function:
where V = exp(iξH R /2). This characteristic function Z(ξ) is the function we mainly considered in this paper. Let Q be a heat operator expressed as Q = τ /2 −τ /2 dtI(t), with the Heisenberg representation of the current operator I(t) at time t. It is shown that the first and second derivatives of ln Z(ξ) with respect to the counting field iξ generate the first and second order of cumulants Q and Q 2 − Q 2 . Higher-order cumulants are also defined via derivatives of ln Z(ξ). Thus, once we obtain Z(ξ), we can study not only the average but also higher-order cumulants. However, in this paper, we concentrate only on an average rate of energy dissipation I, which is computed as
The advantage of using the formalism (13) is that we can use path-integral calculations in discussing (14) . Standard path-integral calculations are performed along the Schwinger-Keldysh contour, as shown in Fig.1 . By integrating out the reservoir's degrees of freedom, we obtain effective action of the system. All effects of reservoir are represented by self-energy terms. The expression of the characteristic function at large τ is obtained as
where A is the normalization satisfying Z(ξ = 0) = 1, and L is the contribution from the dynamics of only the system, which is independent of the counting field ξ.
The symbols s and s ′ in the self-energy terms Σ ss ′ ξ (t, t ′ ) are the Keldysh components that take + and −. In Eq.(16), a summation over those Keldysh components is implied. The term σ 3 is the third Pauli matrix defined as σ 3 = diag(1, −1), and the self-energy terms depend on the counting field ξ in the form
where f (ω) = 1/(e βhω − 1). Note that the counting field ξ appears only in the +− and −+ components of the selfenergy terms.
Energy Dissipation and the Callen-Welton FDR.
-It is rather simple to derive the general expression of Eq.(4). From the formula (14) , the first derivative of Z(ξ) gives the average dissipation flow
where the subscript "0" in the self-energy terms implies ξ = 0. In the derivation of the above equation, we used the relation ∂Σ ±∓ /∂(iξ)| ξ=0 = ±ih∂Σ ±∓ /∂(t − t ′ )| ξ=0 , and the integration by parts, where the boundary contribution is expected to vanish. The lesser and greater Green functions are defined for arbitrary operators, A and B, as
The formula (19) is valid for an arbitrary time-dependent driving field. We consider the following quantity for the Green function
where α represents r, +−, and −+. When translational invariance in time is satisfied, this reduces to the usual expression of the Fourier transformation. Let χ
Then, a straightforward modification leads
where
, and we used the relation 2χ
In an equilibrium where no net energy dissipation flow exists, the Callen-Welton FDR, C(ω) = χ ′ (ω)hω/ tanh(βhω/2) is satisfied [21] . In the limith → 0 and by inserting γ ′ (ω) = γ, the above equation reproduces Eq.(4).
Concluding Remarks. -Several general principles exist for nonequilibrium phenomena. In the linear response regime, the validity of the Onsager reciprocity and the Green-Kubo relations have been established. The fluctuation theorems and Jarzynski equality are being investigated in numerous models and experiments, and they seem to be the exact relations valid arbitrarily far from equilibrium. Eqs. (4) and (20) are also interesting, showing that the degree of FDR violation is related to energy dissipation in Langevin dynamics. This would be important, because Langevin dynamics is ubiquitous in realistic systems. Quantum Langevin dynamics is believed to have wide applicability in many realistic systems, including metallic tunnel junctions with capacitances and superconducting junctions [20, [27] [28] [29] . In those cases, the system and reservoir variables represent the variables in electrical circuits, and the external force is realized by an electric current. Circuit-realization of a driven harmonic trapped particle was proposed in Ref. [6] . The quantum case for this would be an interesting relevant system.
In the present study, Eq.(19) is the key equality for deriving the result (20) . To derive Eq. (19) , linear coupling between the system and thermal environment was critical. Although linear couplings should be the dominant contributions in most realistic systems, nonlinear couplings, where a nonlinear function of x couples with the bath variables, are also possible [30] . It is possible to generalize Eq. (19) to nonlinear coupling cases. Then the variable x in Eq. (19) is replaced by the nonlinear function. This leads to a different type of equation from Eq. (20) . It would be important to figure out how Eqs. (4) and (20) are generalized, if we consider other types of reservoirs and dynamics. Energy dissipation of spin dynamics would be an important problem to be studied. We hope that this study encourages further studies on energy dissipation at far-from-equilibrium conditions in quantum systems. * * *
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